Abstract: In this paper we characterize the unique graph whose algebraic connectivity is minimum among all connected graphs with given order and fixed matching number or edge covering number, and present two lower bounds for the algebraic connectivity in terms of the matching number or edge covering number.
Introduction
Let G be a connected simple graph of order n with vertex set V = V (G) = {v 1 , v 2 , . . . , v n } and edge set E = E(G). The adjacency matrix of the graph G is defined to be the matrix A = A(G) = 
is a diagonal matrix, and d G (v) denotes the degree of a vertex v in the graph G. It is easy to see that L(G) is a real and positive semidefinite, so that its eigenvalues can be arranged as follows:
where µ n (G) = 0 as each row sum of L is zero, with the all-one vector 1 as an corresponding eigenvector. It is well known that the multiplicity of eigenvalue 0 is equal to the number of components of G. The eigenvalue µ n−1 (G), also denoted by α(G), is called the algebraic connectivity of G by Fiedler [10] ; and the eigenvectors corresponding to α(G) are usually called the Fiedler vectors of G.
The algebraic connectivity has received much attention; see [1, 2, 5, 13, 14, 16, 19, 20, 21, 22, 23] . For example, upper bounding or maximizing the algebraic connectivity has been discussed * Supported by National Natural Science Foundation of China by Lu et. al [18] in terms of the domination number, Lal et. al [17] subject to the number of pendant vertices, Zhu [24] by means of matching number. Lower bounding or minimizing the algebraic connectivity has also been discussed by Fallat et. al [5, 6] subject to diameter or girth, Biyikoǧlu and Leydold [3, 4] subject to degree sequence or size, and Fan and Tan [8] subject to domination number.
Recently Fan and Tan [8] obtain a perturbation result for the algebraic connectivity of a graph when a branch of the graph is relocated from one vertex to another vertex. The result motivates us to do a lot of work on minimizing the algebraic connectivity subject to graph parameters, which provides some lower bounds for the algebraic connectivity. In this paper, we characterize the unique graph whose algebraic connectivity is minimum among all connected graphs with given order and fixed matching number or edge covering number, and present two lower bounds for the algebraic connectivity in terms of the matching number or edge covering number.
At the end of this section, we introduce some notions. Recall that a matching of a graph G is an set of independent edges of G; and the matching number of G is the maximal cardinalities of all the matchings of G, denoted by β(G). Clearly, n ≥ 2β(G). In particular, G has perfect matchings if n = 2β(G). An edge cover of a graph G without isolated vertices is a set of edges of G that covers all vertices of G. The edge covering number of a graph G is the minimum cardinality of all edge covers of G, denoted by γ(G). It is known that
G contains no isolated vertices [12] .
Denote by M n,β (respectively, C n,γ ) the set of connected graphs of order n with matching number β (respectively, edge covering number γ). Let 
is minimum among all graphs in the class.
. . , x n ) ∈ R n and let G be a graph on vertices v 1 , v 2 , . . . , v n . The vector x can be considered as a function defined on V (G), which maps each vertex v i of G to the value
, then it defines on G naturally, i.e. x(v) is the entry of x corresponding to v. One can find that the quadratic form x T L(G)x can be written as
The eigenvector equation L(G)x = λx can be interpreted as
where N G (v) denotes the neighborhood of v in G. In addition, for an arbitrary unit vector
with equality if and only if x is a Fiedler vector of G.
Preliminaries
First we introduce the property of Fiedler vectors of a tree. [19] .
Next we introduce the perturbation result of the algebraic connectivity of a graph. Let G 1 , G 2 be two vertex-disjoint graphs, and let v ∈ V (G 1 ), u ∈ V (G 2 ). The coalescence of G 1 and G 2 with respect to v and u, denoted by G 1 (v) ⋄ G 2 (u), is obtained from G 1 and G 2 by identifying v with u and forming a new vertex p, which is also denoted as
, where G 1 and G 2 are nontrivial subgraphs of
and
, where v 1 and v 2 are two distinct vertices of G 1 and u is a vertex of G 2 . We say that G * is obtained from G by relocating G 2 from v 2 to v 1 ; see Fig. 2 .1. Fig. 2 
with equality if and only if
It suffices to show that α(T 2β−2 ) ≥ α(T 2β−1 ). By Lemma 2.4 and Lemma
2.3, we have
Lemma 2.6 Let T 2β 1 −1 , T 2β 2 −1 be two trees of order n with matching number β 1 , β 2 . If β 1 < β 2 and n ≥ 2β 2 + 1, then
Proof: Let T 2β 1 −1 := T (k, l, 2β 1 − 1). By Lemma 2.4, we have
That is α(T 2β 1 −1 ) > α(T 2(β 1 +1)−1 ). The result follows by induction on the matching number.
Lemma 2.7 Let G ∈ M n,β . Then G contains a spanning tree also with matching number β .
Proof: Let G ∈ M n,β and let M be a maximum matching of G. Denote e(G) = |E(G)|.
Clearly, e(G) ≥ n − 1 as G is connected. The result is certainly true if e(G) = n − 1, in which case G is a tree. So we assume that e(G) > n − 1.
Delete an edge e 1 of some cycle of G, where e 1 / ∈ M , producing a graph G 1 such that
. If e(G 1 ) = n − 1, then G 1 is a spanning tree of G. If e(G 1 ) > n − 1, delete an edge e 2 of some cycle of G 1 , where e 2 / ∈ M , producing a graph G 2 such that β(G 2 ) = β(G 1 ) = β(G). We continue the above process until we arrive at an spanning tree G k of G such that Proof: By Lemma 2.7, G contains a spanning tree T with matching number β. The result follows by adding an edge e ∈ E(G) \ E(T ) to the tree T .
Main results
We first restrict our discussion to trees with minimum algebraic connectivity. Proof: Here we adopt a similar technique used in the paper [8] . If n = 2β + 1, the result follows obviously since T 2β−1 = P n is the unique minimizing graph among all connected graphs of order n. Now assume that n ≥ 2β + 2. Let T be a minimizing tree of order n with matching number β. If T has exactly two pendant stars (i.e. the star with maximum possible size centered at
2 ⌋ and T = T d ; by Lemma 2.5, d = 2β − 1. The result follows. Next suppose that T := T 0 has more than two pendant stars, which has p 0 pendent vertices and q 0 quasi-pendent vertices. Let x be a Fiedler vector of T 0 . First assume T 0 is of Type I.
then there exist at least one zero pendant star S attached at some vertex say u, and at least one positive quasi-pendant vertex w. Relocating the zero star S at u to w, we will arrive at a new tree T 1 such that α(T 1 ) < α(T 0 ) by Lemma 2.2.
Note that β(T 1 ) ≤ β(T 0 ) (in fact, β(T 1 ) < β(T 0 )); otherwise we will get a contradiction to the fact that T 0 is minimizing. If |N 0 | = 1, there exist at least two pendant stars S 1 , S 2 both being positive or negative valuated by x, attached at u 1 , u 2 respectively. Without loss of generality, assume S 1 , S 2 are both positive and x(u 1 ) ≥ x(u 2 ) > 0. Relocating S 2 from u 2 to u 1 , we arrive at a new tree T 1 such that α(T 1 ) < α(T 0 ) by Lemma 2.2 and β(T 1 ) < β(T 0 ).
If T is of Type II, then there exist at least two pendant stars S 1 , S 2 both being positive or negative valuated by x, attached at u 1 , u 2 respectively. By the similar way with the case |N 0 | = 1 above, we also arrive at a new tree T 1 such that α(T 1 ) < α(T 0 ) and β(T 1 ) < β(T 0 ).
Repeat the above procession on T 1 if T 1 has more than two pendant stars and continue a similar discussion to the resulting tree. Note that from the k-th step to the (k + 1)-th step, either p k+1 = p k and q k+1 = q k − 1, or p k+1 = p k + 1 and q k+1 = q k . So the above procession will be terminated at the n-th step in which the tree T n has exactly two pendant stars, i.e.
Therefore, noting that T 2β−1 has matching number β, by Lemma 2.3 and Lemma 2.5,
However, since β(T n ) < β(T ) = β, by Lemma 2.6, we have α(T 2β−1 ) < α(T 2β(Tn)−1 ), a contradiction. So this case cannot happen and the result follows. Proof: If β = 1, the result holds as T 1 = S 1,n−1 is the unique graph of matching number 1 for n ≥ 2 and n = 3. When n = 3, there are exactly two graphs: S 1,2 and the triangle C 3 , both having matching number 1. Since α(S 1,2 ) < α(C 3 ), the result also holds in this case.
Assume that β ≥ 2. If n = 2β, the result surely holds as P 2β is the unique minimizing graph.
So suppose that n ≥ 2β + 1 in the following. Let G be a minimizing graph in M n,β . Then G contains a spanning tree T with matching number β by Lemma 2.7. Furthermore, by Theorem 3.1,
Hence α(G) = α(T ) = α(T 2β−1 ), which implies that T = T 2β−1 also by Theorem 3.1.
We claim that G = T 2β−1 ; otherwise E(G)\E(T 2β−1 ) = ∅. Let x be a unit Fiedler vector of
Since α(G) = α(T 2β−1 ), then x is also a Fiedler vector of T 2β−1 , and x(u) = x(v) for each edge uv ∈ E(G)\E(T 2β−1 ). By Lemma 2.1, whenever T 2β−1 is of Type I or Type II, u, v should be both the pendent vertices lying in a same pendent star. However, in this case β(T 2β−1 + uv) > β = β(G) for any uv ∈ E(G)\E(T 2β−1 ); a contradiction.
The sufficiency results follows from the discussion of (3.1).
As a byproduct, we get the following result on edge covering number. If β ≥ 2 and n = 2β, noting that in this case T 2β−1 = P n , α(P n) = 2 1 − cos π n > 8 −4β 2 + 4β(n + 2) − 2n + 5 = 8 n 2 + 2n + 5 .
If β ≥ 2 and n ≥ 2β + 1, the result follows by taking d = 2β in Lemma 3.4.
Similarly we have the following corollary.
Corollary 3.6 Let G ∈ C n,γ . Then α(G) ≥ 8 −4γ 2 + 4γ(n − 2) + 6n + 5
.
